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Abstract

This study investigates the effects of uncertainty in time-to-build and regulation, which

hinders immediate revenue generation after investment, on a firm’s optimal investment deci-

sion. We show that in the absence of regulation, uncertainty in time-to-build always acceler-

ates investment and enhances firm value. We also show that in the absence of time-to-build,

uncertainty in regulation can mitigate the distortion of investment induced by regulation.

Furthermore, in the presence of both time-to-build and regulation, there can exist harmless

regulation that does not induce any distortion in the investment decision and does not harm

firm value. Lastly, in the presence of both time-to-build and regulation, not only uncertainty

in time-to-build but also its presence can accelerate investment.
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1 Introduction

The effects of uncertainty on investment have been discussed extensively in the corporate finance

literature. Hartman (1972, 1973) and Abel (1983) show that uncertainty accelerates investment

because of the convexity of the marginal profitability of capital, whereas McDonald and Siegel

(1986) and Pindyck (1988, 1993) show that it discourages investment because of the opportunity

cost of investing now rather than waiting for more information. Empirical studies mostly support

the latter view (e.g., Ferderer (1993), Leahy and Whited (1996), Guiso and Parigi (1999), Meinen

and Roehe (2017)). These studies focus on the uncertainty in output price or demand, and

little is known of the effects of uncertainty in the timing of revenue generation on corporate

investment. Even if a firm accounts for uncertain demand when investing in a project, the timing

at which it generates revenue is highly uncertain in many cases. It can be delayed significantly

by time-to-build of the investment project or regulation that hinders the commercialization

of new techonologies or products. The factors that impede immediate revenue generation are

internal and external to the firm in the former and the latter cases, respectively.

Time-to-build is inherent in many industries. It can be due to either research and develop-

ment (R&D) of new technologies or installation of large-scale manufacturing facilities. Recent

examples include severe production lags of electric vehicles by new players in the auto industry1

and a significant chip shortage caused by the surge in demand during the COVID-19 pandemic

and sluggish capacity expansion.2 Meanwhile, as technological progress accelerates, existing laws

and regulations increasingly fail to keep up with the pace of innovation, delaying the develop-

ment of new markets significantly. Robotaxis with fully autonomous driving have been tested in

a few cities but mass market commercialization is still far off, mainly due to the lack of relevant

legislation.3 Drone delivery4 and airtaxi5 are additional examples of regulation holding back the

development of new markets despite the technology almost in place. In Japan and South Korea,

1Tesla, a leading electric vehicle maker, suffered severe production lags in 2018 when upscaling the production

of the Model 3, their first model targeting the mass market. It even led to rumors of their bankruptcy.
2The investment lags of semiconductors led to production lags in other industries as well. For instance, it led

to the drop in production by Volkswagen and Stellantis, the two largest European car makers, with production

decreasing by 35% and 30%, respectively, in the three months to September 2021 (Boston and Kostov (2021)).
3On August 10 2023, the California Public Utilities Commission decided to allow Cruise and Waymo, mainly

owned by General Motors and Google’s parent Alphabet, respectively, to operate full commercial robotaxi services

in San Francisco. This decision, however, has no bearing on other states in the U.S., and the lack of cohesive

regulation is expected to hold back the robotaxi market for years to come (Financial Times Lex (2023)).
4As of 2023, five drone delivery operators acquired air carrier certification called Part 135 from the U.S. Federal

Aviation Administration (FAA): Wing Aviation, UPS Flight Forward, Amazon, Zipline, and Causey Aviation

Unmanned. However, their operations have been greatly limited by stringent regulations, including the limitation

of operation beyond visual line of sight (BVLOS), which implies that a human needs to see and steer away

from other aircraft to prevent a possible crash. In September 2023, UPS Flight Forward and Zipline received

authorization for BVLOS drone delivery in a specific area. However, nationwide delivery by autonomous drones

is still far off.
5The chief executive of Archer Aviation, a leading company in electric vertical take-off and landing (eVTOL)

aircraft industry, noted that European Union Aviation Safety Agency (EASA) regulation makes it extremely

hard to bring new vehicles to the market; the U.S. FAA has not published any standard yet (Bushey and Pfeifer

(2023)).
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even a ride-hailing service by private drivers such as Uber is prohibited by regulation.6

In this study, we assume that an investment project does not yield revenue immediately after

the investment due to time-to-build and/or regulation and investigate the effects of uncertainty

in the timing of revenue generation on corporate investment based on the real options framework.

First, we discuss the impacts of uncertainty in time-to-build in the absence of regulation by

comparing the firm’s optimal investment in a project with known and certain time-to-build to

that with uncertain time-to-build. Next, we investigate the impacts of uncertainty in regulation

in the absence of time-to-build by comparing the firm’s optimal investment under a fixed-

duration regulation to that under uncertain-duration regulation. Lastly, we analyze the effects

of uncertainty in the timing of revenue generation in the presence of both time-to-build and

regulation.

First, we show that uncertainty in time-to-build always accelerates investment and enhances

firm value in the absence of regulation. That is, the investment threshold and firm value with

uncertain time-to-build are always lower and higher than those with fixed time-to-build, respec-

tively, provided that the size of time-to-build is identical in terms of expectation. This counter-

intuitive result comes from the fact that the discount factor is strictly convex with respect to

the timing at which cash flows are generated. Thus, good news (i.e., cash flows generated earlier

than expected) is discounted less and bad news (i.e., cash flows generated later than expected)

is discounted more. This novel result is in sharp contrast with extant studies that focus on the

effects of uncertainty in market demand (e.g., Hartman (1972, 1973), Abel (1983), McDonald

and Siegel (1986), Pindyck (1988, 1993)), which are positive or negative depending on whether

the marginal revenue product of capital is convex or not.7 By contrast, this study focuses on a

novel aspect of uncertainty in the market and reveals its strictly positive impact on investment

and firm value.

We also show that uncertainty in regulation can mitigate the distortion of investment in-

duced by regulation in the absence of time-to-build. That is, the state price of investment and

firm value under uncertain-duration regulation can be higher than those under fixed-duration

regulation, provided that the durations are identical in terms of expectation. Naturally, a firm

would never invest in a project under regulation that hinders the market penetration of the

project’s result, whether the duration of regulation is uncertain or not. When the duration is

significantly long, it is highly probable that the demand will grow enough before deregulation

such that the firm would have invested if it had not been for the regulation, resulting in a dis-

torted investment decision. In such cases, uncertainty in regulation can reduce the probability

6Regulation hindering the market development of new technology is not a novel or recent phenomenon. The

Locomotive Acts 1865 in the U.K., better known as Red Flag Acts, required that every automobile should be

accompanied by three persons, one of which is obligated to precede the automobile on foot, carrying a red flag

constantly to warn the riders and drivers of horses of the approach of the automobile. It was intended to protect

the horse-drawn carriage industry, the existence of which was threatened by the rise of steam-powered vehicles.

However, it is generally said that this notorious regulation stifled the growth of the U.K. auto industry in the

19th century.
7As noted in Leahy and Whited (1996), the option value of irreversible investment that represents the negative

impact of uncertainty on investment can be read as the concavity of the marginal revenue product of capital.
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of investment delayed by regulation, which improves firm value.

Furthermore, we show that in the presence of both time-to-build and regulation, there can

exist harmless regulation that does not induce any distortion in the investment decision and does

not harm firm value. As mentioned above, investment under regulation in the absence of time-

to-build is always suboptimal. However, it can be optimal for the firm to invest in a project that

involves time-to-build under regulation, expecting that the project would be completed by the

time the regulation is lifted. When the duration of both time-to-build and regulation is known

with certainty, regulation lasting less than the length of time-to-build does not affect the firm’s

investment decision, and thus, does not harm firm value. In the real world, a strict regulation

that prohibits the commercialization of radical technologies or products can be necessary to gain

time for legal arrangements, even at the cost of delaying the introduction of new technologies

to the market. This study shows the existence of harmless regulation, even without introducing

the explicit benefits of preventing social disruption due to the lack of relevant legislation.

Lastly, we show that in the presence of both time-to-build and regulation, not only uncer-

tainty in time-to-build but also its presence can accelerate investment. That is, under fixed-

duration regulation, the state price of investment with fixed time-to-build can be higher than

that without time-to-build. This result comes from the aforementioned argument: it is never op-

timal to invest under regulation if the project does not involve time-to-build, whereas it can be

optimal to invest under regulation if there is time-to-build. This result is in sharp contrast with

many existing studies on time-to-build. For instance, the seminal work of Majd and Pindyck

(1987) assumed a maximum rate at which a firm can invest and showed that the presence

of time-to-build delays investment. Some studies also report that uncertainty in price or de-

mand can accelerate investment if the project involves time-to-build (e.g., Bar-Ilan and Strange

(1996a,b)). However, they assume the firm’s abandonment option, which truncates the downside

risks of investment and forces stronger incentives to invest despite more uncertain demand. By

contrast, this study focuses on the uncertainty in the timing of revenue generation and shows

that not only uncertainty in time-to-build but also its presence can hasten investment, even

without introducing the firm’s option to truncate the downside risks.

The remainder of this paper is organized as follows. Section 2 reviews the literature on the

investment-uncertainty relationship and the impacts of time-to-build and regulatory uncertainty

on investment. Section 3 introduces the setup of the model, and Section 4 discusses the impacts

of time-to-build on investment in the absence of regulation. Sections 4.1 and 4.2 consider the

cases of fixed and uncertain time-to-build, respectively. Section 4.3 compares the two models,

clarifying the effects of uncertainty in time-to-build on corporate investment. In Section 5, we

discuss the impacts of regulation on investment in the absence of time-to-build. Sections 5.1

and 5.2 are dedicated to the cases of fixed- and uncertain-duration regulation, respectively.

We compare these cases in Section 5.3, elucidating the effects of uncertainty in regulation on

investment decision. Section 6 considers the firm’s investment decision in the presence of both

time-to-build and regulation. Sections 6.1 and 6.2 discuss the cases in which both are fixed and

uncertain, respectively. Section 6.3 sheds light on the effects of uncertainty in the timing of

revenue generation by comparing the two models. Section 7 summarizes the main results and
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suggests future research. All proofs are presented in Appendix A. In the Online Appendix, we

analyze the cases with fixed time-to-build and uncertain-duration regulation and vice versa.

2 Literature review

Hartman (1972, 1973) and Abel (1983) showed that the convexity of marginal revenue product

of capital, which is induced by the optimal adjustment of labor over time, makes uncertainty

accelerate investment. However, McDonald and Siegel (1986) and Pindyck (1988, 1993) high-

lighted the irreversibility of investment and showed that the opportunity costs of investing now

instead of waiting for more information make uncertainty delay investment.8 Caballero (1991)

demonstrated that the dominance between these two effects depends on the degree of market

competition and the structure of adjustment costs. Abel and Eberly (1999) focused on the long-

run effects of irreversible investment; while it reduces the capital stock in the short-run, it also

prevents the firm from disinvesting, possibly resulting in a greater capital accumulation over

time. They showed that these opposing effects lead to considerable ambiguity in investment-

uncertainty relationship. Nakamura (1999) found that risk-aversion can induce a negative effect

of uncertainty on investment even without introducing the irreversibility of investment. However,

Saltari and Ticchi (2007) paid attention to the investment-uncertainty relationship in aggregate

level and showed that risk aversion by itself is not enough to induce a negative relationship;

it is positive even when agents are very risk averse as long as the elasticity of intertemporal

substitution is low.

Most empirical studies support the negative impacts of uncertainty on investment.9 That

is, the option value effects dominate the convexity effects. Ferderer (1993) employed the risk

premium from the term structure of interest rates as a measure of uncertainty and found that

it has significantly negative impacts on aggregate investment. Leahy and Whited (1996) used

U.S. firm-level panel data, adopting the expected variance of the firms’ daily stock return as a

proxy of uncertainty, and found strong evidence of a negative impact of uncertainty on corpo-

rate investment. Guiso and Parigi (1999) adopted Italian firm-level data, using the subjective

probability distribution of future demands from a survey conducted by the Bank of Italy to

gauge uncertainty, and reported a negative investment-uncertainty relationship. Meinen and

Roehe (2017) analyzed data from major European countries, testing five different proxies of

uncertainty, and found pronounced negative impacts of uncertainty on investment.

Huizinga (1993) is one of a few studies that found a positive investment-uncertainty relation-

ship. The author used U.S. data and showed that on aggregate level, the uncertainty of wage and

price has a negative impact on investment, whereas that of profit rate has a positive impact. At

the firm level, uncertainty of wage and input price is negatively associated with investment but

that of output price is positively linked to investment. Bo and Lensin (2005) examined Dutch

8Sarkar (2000) claimed that even though an increase in uncertainty raises the investment threshold, higher

volatility can eventually increase the probability of hitting the threshold within a given time, and thus, the

probability of investment.
9Carruth et al. (2000) provided a comprehensive review of empirical studies on investment-uncertainty rela-

tionship.
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firm-level data and found a nonlinear relationship between uncertainty and investment; under

low-level uncertainty, an increase in uncertainty raises investment, but for higher uncertainty,

its increase reduces investment. Marmer and Slade (2018) analyzed the U.S. copper mining

industry and their reduced-form estimation showed that an increase in uncertainty encourages

investment in the presence of time-to-build. However, by estimating the structural model of

Bar-Ilan and Strange (1996a), they found a nonlinear relationship between uncertainty and

investment.

Majd and Pindyck (1987) pioneered the research on time-to-build in corporate finance by

assuming a maximum rate at which a firm can invest and showed that the presence of time-

to-build delays investment. Bar-Ilan and Strange (1996a,b) explicitly modeled time-to-build by

presuming that a certain amount of time must pass to generate revenue from a project and

showed that uncertainty can hasten investment in the present of lags. This result, however,

draws on the assumption that the firm has the option to abandon the project, which truncates

the downside risk of the project. Bar-Ilan and Strange (1998) examined a project that requires

a two-stage investment to generate revenue in the presence of time-to-build and demonstrated

that the investment can be made sequentially if the firm has the option to suspend the follow-up

investment. Pacheco-de-Almeida and Zemsky (2003) also investigated a multi-stage investment

with time-to-build while accounting for competition. They reported that in a duopoly market,

both firms choose to make either incremental or lumpy investments depending on the length of

time-to-build. Bar-Ilan et al. (2002) solved an impulse control problem that minimizes the costs

of excess capacity in the presence of time-to-build and showed that an increase in uncertainty

can hasten the timing of investment but reduce its size when the lags are significantly long.

These prior works, however, assumed a fixed time-to-build.

Some studies focus on uncertainty in time-to-build. Weeds (2002) examined R&D competi-

tion in a duopoly market with an uncertain discovery time and showed that such uncertainty can

delay investment despite the preemptive incentive in a winner-takes-all scenario. Alvarez and

Keppo (2002) considered the case in which time-to-build increases with demand and demon-

strated that this scenario creates a significant delay in investment. Jeon (2021a) examined the

effects of uncertain time-to-build on a firm’s investment and default decisions by considering

debt financing and showed that the probability of default in the presence of time-to-build can

be lower than that without the lags. Jeon (2021b) investigated duopolistic competition with

asymmetric lengths of uncertain time-to-build and found that the dominated firm with longer

lags can become a leader in the market by investing earlier than the dominant firm with shorter

lags. ? studied a monopolistic firm’s capital expansion with uncertain time-to-build and showed

that both the initial and follow-investment can be made earlier in the presence of time-to-build

than they would be without the lags, especially in a volatile market. These studies, however,

did not compare the results to the case when time-to-build is known with certainty, leaving the

sheer effects of uncertainty in time-to-build unexplored.

Koeva (2000) collected data regarding plant investment process and found that the aver-

age time-to-build is about two years in most industries and the lead time is not sensitive to

business cycles. Zhou (2000) empirically showed that the presence of time-to-build can explain
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the positive correlation of investment. Salomon and Martin (2008) examined the semiconductor

industry and reported that the length of time-to-build is associated with market competition,

firm ownership, and firm/industry experience. Del Boca et al. (2008) analyzed Italian panel

data and found strong evidence of a time-to-build effect on investment for structures but not

for equipment. Tsoukalas (2011) showed that cash flows significantly influence a firm’s invest-

ment decisions, even in a perfect capital market, if the project involves time-to-build. Hansen

and Wagner (2017) examined the copper mining industry and identified the firm’s incentive to

retain sufficient cash when it takes time to generate cash flows. However, none of these studies

empirically analyzed the effects of uncertainty in time-to-build on corporate investment.

Kalouptsidi (2014) is one of the very few studies to address the impact of time-varying time-

to-build on investment empirically. The author analyzed data from the bulk shipping industry

and compared the case of the endogenous time-varying time-to-build to counterfactual cases of

constant and no time-to-build. the results revealed that moving from no to constant to time-

varying time-to-build lowers both the level and volatility of investment and increases prices.

However, the size of constant time-to-build is chosen as the minimum of the observations, rather

than the mean or median. Thus, it is not the uncertainty of time-to-build but the increase in

its size that induces the decrease of the level and volatility of investment. Oh and Yoon (2020)

investigated the U.S. residential investment in the 2002-2011 housing boom-bust cycle and found

that the increase in time-to-build during the boom is mainly due to construction bottlenecks,

but that during the bust is driven by an increase in uncertainty.

In general, regulation is perceived to have a negative impact on investment and productivity,

a view supported by many empirical studies. Alesina et al. (2005) used OECD data and showed

that product market regulation has a negative and significant long-run effect on investment.

In particular, they showed that deregulation, especially entry liberalization, positively affects

investment. Klapper et al. (2006) analyzed European data and showed that market entry reg-

ulations hamper the creation of new firms and force new entrants to be larger. Barone and

Cingano (2011) found from OECD data that service regulation is negatively associated with

the growth rate of value added, productivity, and exports. Fabrizio (2013) analyzed the impact

of Renewable Portfolio Standard policies on the U.S. electricity industry and demonstrated that

an increase in regulatory instability reduced new investment. Branstetter et al. (2014) investi-

gated a regulatory reform in Portugal that reduced the cost of firm entry and found a positive

impact on firm formation and employment. Specifically, they found that marginal firms that

would have been most readily deterred by strict regulations were the largest beneficiaries of

the reform. Gulen and Ion (2016) used a news-based index of policy uncertainty and found a

substantial negative impact of policy and regulatory uncertainty on corporate investment, with

a more significant impact on firms with a higher degree of investment irreversibility.

A few studies reported that regulation does not necessarily discourage investment. Marcus

(1981) reviewed the literature on the impact of regulation on innovation and concluded that

the impact is selective; that is, its impact is negative in some industries but it stimulates in-

novation in others by reducing risks. Djankov et al. (2002) analyzed data on the regulation of

entry of start-up firms in 85 countries and found that stricter regulation is not associated with
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higher quality of goods; rather, it is related to higher corruption and larger unofficial economics,

supporting the public choice theory over public interest theory. They, however, did not investi-

gate the impact of regulation on investment. Hoffmann et al. (2009) showed that environmental

and regulatory uncertainty does not necessarily discourage corporate investment and innova-

tion. Engau and Hoffmann (2009) empirically studied firms’ responses to the Kyoto Protocol

and demonstrated that only a minority of firms actually delayed their investment decisions

due to regulatory uncertainty. Lopez et al. (2017) distinguished regulatory uncertainty from

regulation-induced uncertainty. They analyzed the impact of the European Union Emissions

Trading System on firms’ carbon abatement investment and showed that the former does not

affect firms’ investment decisions while the latter facilitates investment.

3 Setup

Suppose that a risk-neutral firm is considering an investment project with demand shocks that

follow a geometric Brownian motion:

dXt = µXtdt+ σXtdWt, (1)

where µ and σ are positive constants and (Wt)t≥0 is a standard Brownian motion on a filtered

space (Ω,F ,F := (Ft)t≥0,P) satisfying the usual conditions. For simplicity, we assume that the

demand is price-inelasitic such that the monopolistic firm’s revenue flow from this project is

equal to Xt. The investment incurs lump-sum costs C and the variable costs of production are

normalized to zero. The discount rate is r(> µ) to ensure finite value functions.

The project does not yield revenue immediately after the investment. Two factors hinder

the firm’s instant revenue generation. First, the project involves time-to-build such that revenue

is generated only after a certain period elapses from the investment, possibly because of the

R&D for new technologies or the installation of manufacturing facilities. Thus, this hindering

factor is internal to the firm. As noted in the Introduction, time-to-build is prevalent in the

real world, especially when the investment projects are based on state-of-the-art technologies

or are of large-scale. Time-to-build can be either constant or random, denoted by TB and τB,

respectively. In the latter case, we assume it follows an exponential distribution with an intensity

parameter λB; for simplicity, we assume τB is independent of Wt.

Next, the introduction of new technologies or products can be delayed due to regulation,

which implies an external factor hindering the firm. Technological innovation has been acceler-

ating recently. As addressed in the Introduction, regulations increasingly do not keep up with

its speed. To describe this hindrance to the firm’s immediate revenue generation, we assume

that the product can only be sold in the market after a certain time after the initial timing.10

The duration of regulation, or equivalently, the timing of deregulation, can be either constant

or random, denoted by TD and τD, respectively. In the latter case, we assume an exponential

time with an intensity parameter λD, independent of both τB and Wt.

10Regulation in this strong sense can be generalized by assuming that the firm can raise a portion of revenue

under regulation and starts to generate full revenue after the regulation is lifted.
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4 With time-to-build but no regulation

In this section, we assume there is no regulation regarding the investment project. That is, the

technology underlying the project does not conflict with existing laws and institutions, and the

only source that prevents the firm from raising instant revenue after the investment is time-to-

build, which is internal to the firm (e.g., semiconductor plant building, power plant building,

shipbuilding, mining natural resources, etc.). Specifically, we assume that time-to-build is fixed

and uncertain in Sections 4.1 and 4.2, respectively, and compare the results in Section 4.3.

4.1 Fixed time-to-build

Suppose a constant time-to-build, denoted by TB. The firm value before the investment can be

written as follows:

VFN (X) = max
TFN≥0

E
[ ∫ ∞

T̂FN

e−rtXtdt− e−rTFNC
∣∣∣X0 = X

]
. (2)

The investment timing can be characterized by the level of demand shock at which the firm

invests. That is, TFN := inf{t > 0|Xt ≥ XFN}, where XFN denotes the investment threshold

with fixed time-to-build and no regulation. Note that though the firm invests at TFN , it can

raise revenue from T̂FN := TFN + TB, when the project is finished.

Following the standard arguments from the real options literature, we can derive the firm’s

optimal investment strategy and value function as follows:

Proposition 1 (Fixed time-to-build and no regulation) Given demand shock X, the firm

value with fixed time-to-build TB in the absence of regulation is

VFN (X) =


[
XFNe

−(r−µ)TB

r−µ − C
](

X
XFN

)β
, if X < XFN ,

Xe−(r−µ)TB

r−µ − C, if X ≥ XFN ,
(3)

where the optimal investment threshold is

XFN =
β(r − µ)Ce(r−µ)TB

β − 1
, (4)

and

β :=
1

2
− µ

σ2
+

√(1

2
− µ

σ2

)2
+

2r

σ2
(> 1). (5)

Proof See Appendix A.1.

One can easily see that the firm value and investment threshold in (3) and (4) converge to

those from a standard real options model as TB → 0.

4.2 Uncertain time-to-build

Now let us suppose that time-to-build is a random variable, denoted by τB, and follows an

exponential distribution with parameter λB. The firm value before investment is

VUN (X) = max
TUN≥0

E
[ ∫ ∞

T̂UN

e−rtXtdt− e−rTUNC
∣∣∣X0 = X

]
, (6)
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where the investment timing is TUN := inf{t > 0|Xt ≥ XUN} and XUN denotes the investment

threshold with uncertain time-to-build and no regulation. While the investment occurs at TUN ,

the firm starts to make revenue from T̂UN := TUN + τB, which is uncertain, unlike T̂FN in (2).

Following similar arguments, we can derive the firm’s optimal investment strategy and value

function as follows:

Proposition 2 (Uncertain time-to-build and no regulation) Given demand shock X,

the firm value with uncertain time-to-build τB in the absence of regulation is

VUN (X) =


[

λBXUN
(r−µ)(r+λB−µ) − C

](
X

XUN

)β
, if X < XUN ,

λBX
(r−µ)(r+λB−µ) − C, if X ≥ XUN ,

(7)

where the optimal investment threshold is

XUN =
β(r − µ)(r + λB − µ)C

(β − 1)λB
. (8)

Proof See Appendix A.2.

It is straightforward that the firm value and investment threshold in (7) and (8) converge

to those from a standard real options model as λB →∞.

4.3 Model comparison and discussion

Comparing Propositions 1 and 2, we can obtain the following result:

Proposition 3 (Uncertainty in time-to-build) In the absence of regulation, uncertainty

in time-to-build always accelerates investment and enhances firm value:

XUN ≤ XFN and VUN (X) ≥ VFN (X) for all TB = 1/λB ∈ (0,∞). (9)

Proof See Appendix A.3.

The economic rationale behind this counterintuitive result is as follows. The discount factor

e−rτB is strictly convex with respect to τB, and thus, Jensen’s inequality ensures that E[e−rτB ] ≥
e−rE[τB ] = e−rTB always holds for all TB = 1/λB ∈ (0,∞).11 In other words, the firm discounts

cash flows less if the timing at which they are generated is uncertain than the case in which the

timing is known with certainty, provided that the size of time-to-build is identical in terms of

expectation. Intuitively, this is because good news is discounted less and bad news is discounted

more. When the investment project is finished earlier than expected (i.e., τB < TB), the gains

from this surprise are discounted over a relatively short period. When it takes longer than

expected to finish the project (i.e., τB > TB), the extra losses are discounted over a longer

period. Note that the asymmetric effects of good and bad news on firm value are unrelated to

risk aversion or negativity bias. It is the uncertainty in timing that yields the asymmetric effects

of good and bad news based on rational expectations.

11Note that this argument holds for τB following any distribution, provided that it is a mean-preserving spread

of TB (i.e., E[τB ] = TB).
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The positive impacts of uncertainty in time-to-build on investment and firm value are robust

in that they do not depend on a specific distribution for describing the uncertainty. Specifically,

Proposition 3 can be generalized as follows:

Proposition 4 (Generalized uncertainty in time-to-build) Suppose time-to-build τFB and

τGB have cumulative distribution functions F and G, respectively, and τGB is a mean-preserving

spread of τFB . In the absence of regulation, uncertainty in time-build always accelerates invest-

ment and enhances firm value:

XG
UN ≤ XF

UN and V G
UN (X) ≥ V F

UN (X), (10)

where Xi
UN and V i

UN (X) denote the optimal investment threshold and firm value, respectively,

with time-to-build τ iB for i ∈ {F,G}.

Proof See Appendix A.4.

Extant studies on the effects of uncertainty on investment mostly focused on uncertainty

in output price or demand. For instance, Hartman (1972, 1973) and Abel (1983) showed that

uncertainty accelerates investment because of the convexity of the marginal profitability of cap-

ital, whereas McDonald and Siegel (1986) and Pindyck (1988, 1993) showed that uncertainty

delays investment because of the opportunity cost of investing now rather than waiting for more

information. By contrast, our study clarifies the effects of uncertainty in time-to-build, which

we presume to be independent of uncertainty in demand, and shows that it always accelerates

investment and enhances firm value, regardless of the distribution that describes the uncer-

tainty in time-to-build. We obtain this novel result by shedding light on uncertainty in the time

dimension instead of that in state space.

Most empirical studies report a negative impact of uncertainty on corporate investment,12

but a few studies found a positive or nonlinear investment-uncertainty relationship. For instance,

Huizinga (1993) analyzed the U.S. manufacturing industry and found that on aggregate level,

the uncertainty of the profit rate has a positive effect; at the firm-level, uncertainty of output

price is positively linked to investment. Bo and Lensin (2005) investigated Dutch firm-level data

and found an inverted U-shaped relationship between uncertainty and investment; for low level

of uncertainty, an increase of uncertainty accelerates investment, but for higher uncertainty, its

increase reduces investment. Marmer and Slade (2018) examined the U.S. copper mining indus-

try and found that an increase in uncertainty accelerates investment in the presence of time-

to-build. Although not explicitly modeled in these studies, the positive investment-uncertainty

relationship might be partly due to uncertainty in time-to-build.

Following the same arguments in Propositions 1 and 2, we can evaluate the state prices of

investment in the absence of regulation as follows:

Corollary 1 (State prices of investment in the absence of regulation) Given demand

shock X, the state prices of investment in the absence of regulation with fixed and uncertain

12See Ferderer (1993), Leahy and Whited (1996), Guiso and Parigi (1999), and Meinen and Roehe (2017).
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time-to-build are

φFN (X) := E
[
e−rTFN

∣∣X0 = X
]

=
( X

XFN

)β
, (11)

φUN (X) := E
[
e−rTUN

∣∣X0 = X
]

=
( X

XUN

)β
, (12)

respectively.

Proof See Appendix A.5.
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Figure 1: Comparative statics with respect to the size of time-to-build in the absence of regu-

lation

Notation Value Description

r 0.08 Risk-free rate

µ 0.02 Expected growth rate of demand shock

σ 0.3 Volatility of demand shock

C 3 Lump-sum investment costs

X 0.2 Initial demand shock

Table 1: Benchmark parameters for numerical calculation
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Figure 1 presents the results of comparative statics regarding the size of time-to-build (i.e.,

TB = 1/λB) based on the parameters in Table 1. Figure 1a clearly shows that the presence

of time-to-build delays investment, whether it is fixed or uncertain. That is, both XFN and

XUN strictly increase with TB = 1/λB. This is natural considering that the expected profits

from the investment strictly decrease with the length of time-to-build. However, uncertainty in

time-to-build accelerates investment compared to the case of time-to-build with certainty (i.e.,

XUN < XFN ), provided that the size of time-to-build is identical in terms of expectations. This

naturally leads to the dominance of state price of investment, and thus, the dominance of firm

value in the former case over that in the latter case (i.e., φUN > φFN and VUN > VFN in

Figures 1b and 1c, respectively).

5 With regulation but no time-to-build

In this section, we assume that the investment project does not involve investment lags. That

is, the technology underlying the project is already in place and its commercialization does

not take much time. In this case, only regulation, an external factor, prevents the firm from

generating revenue after the investment (e.g., cannabis cultivation,13 euthanasia assistance,14

commercialization of creations generated by artificial intelligence (AI)15).

In this case, even if the firm invests under regulation, it can start to raise revenue after the

regulation is lifted. Thus, we can obtain the following intuitive result:

Lemma 1 In the absence of time-to-build, it is never optimal for the firm to invest under

regulation, whether the timing of deregulation is certain or not.

Proof See Appendix A.6.

We assume that the duration of regulation, or equivalently, the timing of deregulation, is

fixed and uncertain in Sections 5.1 and 5.2, respectively, and compare the results in Section 5.3.

5.1 Fixed deregulation timing

Let us assume that the duration of regulation is known as a constant TD. By backward induc-

tion, suppose that the regulation has already been lifted (i.e., t ≥ TD). The firm value after

deregulation can be expressed as follows:

V D
NF (X) = max

TNF≥0
E
[ ∫ ∞

TNF

e−rtXtdt− e−rTNFC
∣∣∣X0 = X

]
, (13)

13Although the use of cannabis has been increasingly legalized or decriminalized in recent years, its recreational

use is still illegal in most countries; even its medical use is illegal in many of them. As of 2023, the commercial

sale of recreational cannabis is legalized nationwide in only three countries: Canada, Thailand, and Uruguay.
14As of 2023, active voluntary euthanasia is legal in only nine countries: Australia, Belgium, Canada, Colombia,

Luxembourg, Netherlands, New Zealand, Portugal, and Spain.
15Although AI-generated works have been increasingly commercialized in recent years, they face significant

risks of legal disputes. In the U.S., works created solely by AI cannot be protected by copyright because it lacks

human authorship, as stipulated by Chapter 306 of the Compendium of U.S. Copyright Office Practices. In 2020,

the European Commission proposed a four-step test as a guildeline for AI-generated creations to qualify as works,

with one criterion being human intellectual effort.
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where the investment timing is TNF := inf{t ≥ TD|Xt ≥ XNF } and XNF denotes the investment

threshold with no time-to-build and fixed deregulation timing. Following similar arguments as

in Section 4.1, the firm value after deregulation is obtained as follows:

V D
NF (X) =


(
XNF
r−µ − C

)(
X

XNF

)β
, if X < XNF ,

X
r−µ − C, if X ≥ XNF ,

(14)

where the optimal investment threshold is

XNF =
β(r − µ)C

β − 1
. (15)

Now, let us suppose that the regulation has not been lifted yet (i.e., t < TD). As addressed

in Lemma 1, the firm never invests under regulation. In other words, it is possible that the

investment is made as soon as the regulation is lifted. This occurs when the demand by the time

the regulation is lifted is equal to or greater than the investment threshold (i.e., XTD ≥ XNF ). In

this case, the firm’s option to invest can be read as a European option with maturity TD. If the

demand at the timing of deregulation falls short of the investment threshold (i.e., XTD < XNF ),

the firm’s option is an American option that will be exercised at the first-hitting time of the

investment threshold thereafter (i.e., TNF ).

Given these arguments, the firm value at the initial timing under regulation is16

V R
NF (X) = E

[
e−rTDV D

NF (XTD)
∣∣X0 = X

]
= E

[
1{XTD≥XNF }

e−rTD
( XTD

r − µ
− C

)
+ 1{XTD<XNF }

e−rTD
(XNF

r − µ
− C

)(XTD

XNF

)β∣∣∣X0 = X
]
.

(16)

Note that the first term on the right-hand side of (16) corresponds to the case in which the

European call option with maturity TD and strike price XNF ends up being in-the-money (i.e.,

XTD ≥ XNF ), although its payoff is not in the exact form of a traditional European-style

financial option. The second term shows that if the European call option ends up being out-of-

the-money (i.e., XTD < XNF ), the firm is given an American call option that it can exercise at

any time thereafter.

The firm value before deregulation described in (16) can be evaluated in a closed-form as

follows:17

Proposition 5 (No time-to-build and fixed deregulation timing) Given demand shock

X, the firm value at the initial timing under regulation with fixed deregulation timing TD in the

absence of time-to-build is

V R
NF (X) =

Xe−(r−µ)TD

r − µ
N(d1)− e−rTDCN(d2) + e−rTD

(XNF

r − µ
−C

)(Xe(µ+
(β−1)σ2

2
)TD

XNF

)β
N(d3),

(17)

16For t ∈ (0, TD), the firm value is E[e−(TD−t)V DNF (XTD )|Xt = X].
17For t ∈ (0, TD), the firm value can be evaluated as (17) through (20) with TD − t instead of TD.
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where

d1 :=
ln X

XNF
+ (µ+ σ2

2 )TD

σ
√
TD

, (18)

d2 := d1 − σ
√
TD, (19)

d3 := −d2 − βσ
√
TD, (20)

and N(·) denotes the cumulative distribution function of standard normal distribution.

Proof See Appendix A.7.

The first two terms and the last term on the right-hand side of (17) correspond to the

first and second terms on the right-hand side of (16) (i.e., the cases with XTD ≥ XNF and

XTD < XNF ), respectively. Note that for X < XNF , limTD→0 d1 = −∞, limTD→0 d2 = −∞,

and limTD→0 d3 = ∞ hold, and thus, V R
NF (X) in (17) converges to V D

NF (X) in the upper case

of (14) as TD → 0. For X ≥ XNF , limTD→0 d1 = ∞, limTD→0 d2 = ∞, and limTD→0 d3 = −∞,

which also amounts to the convergence of V R
NF (X) in (17) to V D

NF (X) in the lower case of (14).

5.2 Uncertain deregulation timing

We now assume that the duration of regulation is uncertain such that the timing of deregulation

τD follows an exponential distribution with parameter λD. The firm value after deregulation

(i.e., t ≥ τD) can be described as

V D
NU (X) = max

TNU≥0
E
[ ∫ ∞

TNU

e−rtXtdt− e−rTNUC
∣∣∣X0 = X

]
, (21)

where TNU := inf{t ≥ τD|Xt ≥ XNU} denotes the investment timing and XNU denotes the

investment threshold with no time-to-build and uncertain deregulation timing. Note that (21)

is essentially equivalent to V D
NF (X) in (13). Thus, the firm value V D

NU (X) and the investment

threshold XNU are identical to (14) and (15), respectively.

As noted in Lemma 1, the firm never invests under regulation if the project involves no

time-to-build, even under uncertain-duration regulation. In other words, the firm value under

regulation switches to (21) at the timing of deregulation. As discussed in Section 5.1, dereg-

ulation can trigger immediate investment (i.e., XτD ≥ XNU ) or yield a standard real option

exercised at the first-hitting time of the investment threshold (i.e., XτD < XNU ). Thus, the firm

value under regulation (i.e., t < τD) can be described as follows:18

V R
NU (X) = E

[
e−rτDV D

NU (XτD)
∣∣X0 = X

]
= E

[
1{XτD≥XNU}e

−rτD
( XτD

r − µ
− C

)
+ 1{XτD<XNU}e

−rτD
(XNU

r − µ
− C

)( XτD

XNU

)β∣∣∣X0 = X
]
.

(22)

Note that the only difference between (16) and (22) is that the timing of deregulation is fixed at

TD in (16) and is an exponential time τD in (22). That is, the firm’s option to invest is exercised

18Given demand shock X, the firm value under regulation is the same as (22) for all t ∈ [0, τD) because of the

memoryless property of the exponential distribution.
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immediately if it is in-the-money at the exponential time τD (i.e., XτD ≥ XNU ). If out-of-the-

money at the time of deregulation (i.e., XτD < XNU ), the firm’s option is an American option

exercised at the first-hitting time of the investment threshold.

The firm value described in (22) can be evaluated in a closed-form as follows:

Proposition 6 (No time-to-build and uncertain deregulation timing) Given demand

shock X, the firm value under regulation with uncertain deregulation timing τD in the absence

of time-to-build is

V R
NU (X) =



(
XNU
r−µ − C

){(
X

XNU

)β
− β−γD

βD−γD

(
X

XNU

)βD}
+ 1
βD−γD

[
(1−γD)λDXNU
(r−µ)(r+λD−µ) + γDλDC

r+λD

](
X

XNU

)βD
, if X < XNU ,

λDX
(r−µ)(r+λD−µ) −

λDC
r+λD

+ 1
βD−γD

[
(βD−β)XNU

r−µ − (βD − β)C

−
{

(βD−1)λDXNU
(r−µ)(r+λD−µ) −

βDλDC
r+λD

}](
X

XNU

)γD
, if X ≥ XNU ,

(23)

where

βD :=
1

2
− µ

σ2
+

√(1

2
− µ

σ2

)2
+

2(r + λD)

σ2
(> 1), (24)

γD :=
1

2
− µ

σ2
−
√(1

2
− µ

σ2

)2
+

2(r + λD)

σ2
(< 0). (25)

Proof See Appendix A.8.

The first row of the upper case in (23) corresponds to the second term on the right-hand

side of (22) (i.e., XτD < XNU ), while the second row of the upper case in (23) corresponds

to the first term of (22) (i.e., XτD ≥ XNU ). It is straightforward to see that V R
NU (X) in (23)

converges to V D
NU (X), which is identical to V D

NF (X) in (14), as λD →∞, whether X < XNU or

X ≥ XNU .

5.3 Model comparison and discussion

Recall that the firm never invests under regulation if the investment project does not involve

time-to-build, whether the duration of regulation is certain or not (Lemma 1). Thus, investment

triggered by deregulation (i.e., XTD ≥ XNF and XτD ≥ XNU ) implies that the firm would have

already invested had it not been for the regulation. In other words, it implies that the investment

has been distorted by the presence of regulation.

However, this is only half the story. Even when the investment is not triggered by deregu-

lation (i.e., XTD < XNF and XτD < XNU ), it could have been delayed by the regulation. More

specifically, the demand shocks can reach the investment threshold under regulation and decrease

below the threshold before deregulation, hitting it again after deregulation. That is, even when

TNF = inf{t ≥ TD|Xt ≥ XNF } and TNU = inf{t ≥ τD|Xt ≥ XNU} are not equal to TD and τD,

respectively, they do not necessarily coincide with TNN := inf{t > 0|Xt ≥ XNF (= XNU )}, the

first-hitting time of the investment threshold. In such cases, the investment decision is distorted

by regulation, although not triggered by deregulation.
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Figure 2 describes possible scenarios of investment in the presence of fixed-duration reg-

ulation (i.e., TD = 3) based on the parameters in Table 1. Figures 2a and 2b illustrate the

investment distorted by the presence of regulation; the former is triggered by deregulation (i.e.,

TNN < TD = TNF ), while the latter is not triggered by deregulation but is delayed by the pres-

ence of regulation (i.e., TNN < TD < TNF ). Namely, investment is distorted by regulation if the

demand shocks reach the investment threshold before the regulation is lifted (i.e., TNN < TD),

whether it is triggered by deregulation or not. If the demand shocks have not reached the invest-

ment threshold until the regulation is lifted (i.e., TD < TNN = TNF ), the presence of regulation

does not affect the investment (Figure 2c). These arguments hold even when the duration of

regulation is uncertain, and we omit the repetitive exposition and graphical illustration for

brevity.

(a) Investment delayed by regulation and triggered

by deregulation

(b) Investment delayed by regulation but not trig-

gered by deregulation

(c) Investment not affected by regulation

Figure 2: Possible scenarios of investment in the presence of regulation with fixed duration

Investment triggered by deregulation is in line with empirical evidence. Alesina et al. (2005)

analyzed OECD data and found that deregulation, especially entry liberalization, positively

affects investment. Branstetter et al. (2014) examined a regulatory reform in Portugal and

found that deregulation had a positive impact on firm formation and employment. In particular,

they found that the positive effects were the greatest for marginal firms that would have been
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most readily deterred by strict regulations; investment triggered at the timing of deregulation

corresponds to this case.

With these arguments, we can obtain the following result:

Proposition 7 (Uncertainty in regulation) In the absence of time-to-build, uncertainty in

regulation mitigates (and aggravates) the distortion in the firm’s investment decision induced

by regulation if ΓF := Γ̂F + Γ̄F > (and <) ΓU := Γ̂U + Γ̄U holds where

Γ̂F := P(XTD ≥ XNF |X0 = X) = N(d2), (26)

Γ̄F := P(XTD < XNF |X0 = X)− P( max
t∈[0,TD]

Xt < XNF |X0 = X) =
( X

XNF

)1−2µ/σ2

N(d̄2), (27)

Γ̂U := P(XτD ≥ XNU |X0 = X) =
−γ̂D

β̂D − γ̂D

( X

XNU

)β̂D
, (28)

Γ̄U := P(XτD < XNU |X0 = X)− P( max
t∈[0,τD]

Xt < XNU |X0 = X) =
(

1 +
γ̂D

β̂D − γ̂D

)( X

XNU

)β̂D
,

(29)

with

d̄2 := d2 − (2µ/σ − σ)
√
TD, (30)

and

β̂D :=
1

2
− µ

σ2
+

√(1

2
− µ

σ2

)2
+

2λD
σ2

(> 1), (31)

γ̂D :=
1

2
− µ

σ2
−
√(1

2
− µ

σ2

)2
+

2λD
σ2

(< 0). (32)

Proof See Appendix A.9.

Note that Γ̂F and Γ̂U are the probabilities of investment triggered by deregulation, with

fixed and uncertain timing, respectively (Figure 2a), while Γ̄F and Γ̄U are those not triggered

by deregulation but delayed by the presence of regulation with certainty and uncertainty, re-

spectively (Figure 2b). Clearly, the probabilities of investment not affected by regulation with

certainty and uncertainty are 1− ΓF and 1− ΓU , respectively (Figure 2c).

From Proposition 7, we can also derive the following result:

Corollary 2 (Duration of regulation and investment distortion) When regulation is

known with certainty, the probability of investment distortion by the regulation increases with

its duration if
ln(X/XNF )

TD
< µ− σ2

2
<

ln(XNF /X)

TD
. (33)

When regulation is uncertain, the probability of investment distortion by the regulation always

increases with its expected duration.

Proof See Appendix A.10.

We must also consider not only the likelihood of investment distortion by regulation but also

its magnitude. That is, we should consider the expected delay of investment by regulation. To
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fully evaluate the impact of regulation on the investment decision, we must calculate the state

prices of investment. Following similar arguments as in Propositions 5 and 6, we can derive

these values as follows:

Corollary 3 (State prices of investment in the absence of time-to-build) Given demand

shock X, the state price of investment in the absence of time-to-build with fixed deregulation

timing is

φNF (X) := E
[
e−rTNF

∣∣X0 = X
]

= φ̄NF (X) + φ̂NF (X), (34)

where

φ̂NF (X) := E
[
1{XTD≥XNF }

e−rTD
∣∣X0 = X

]
= e−rTDN(d2), (35)

φ̄NF (X) := E
[
1{XTD<XNF }

e−rTNF
∣∣X0 = X

]
= e−rTD

(Xe(µ+
(β−1)σ2

2
)TD

XNF

)β
N(d3), (36)

denote the state prices of investment triggered at the deregulation timing and the first-hitting

time of the investment threshold after deregulation, respectively.

Similarly, the state price of investment in the absence of time-to-build with uncertain dereg-

ulation timing is

φNU (X) := E
[
e−rTNU

∣∣X0 = X
]

= φ̂NU (X) + φ̄NU (X), (37)

where

φ̂NU (X) := E
[
1{XτD≥XNU}e

−rτD
∣∣X0 = X

]
= − λDγD

(r + λD)(βD − γD)

( X

XNU

)βD
, (38)

φ̄NU (X) := E
[
1{XτD<XNU}e

−rTNU
∣∣X0 = X

]
=
( X

XNU

)β
− β − γD
βD − γD

( X

XNU

)βD
, (39)

denote the state prices of investment triggered at the deregulation timing and the first-hitting

time of the investment threshold after deregulation, respectively.

Proof See Appendix A.11.

It is straightforward that in the absence of regulation and time-to-build, the firm invests

at TNN , the first-hitting time of the investment threshold XNF (= XNU ), and the state price

of investment is φNN (X) := E[e−rTNN |X0 = X] = (X/XNF )β. Thus, we can measure the

investment distortion by regulation with fixed and uncertain duration as φ̃NF := φNN − φNF
and φ̃NU := φNN −φNU , respectively. Note that these measures consider not only the likelihood

of investment distortion by regulation but also its magnitude.

Figure 3 presents the comparative statics regarding the duration of regulation (i.e., TD =

1/λD) based on the parameters in Table 1. It is obvious that the investment threshold after

deregulation is independent of the duration of regulation, whether it is certain or not (Figure 3a).
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Figure 3: Comparative statics with respect to the duration of regulation in the absence of time-

to-build

Figure 3b illustrates the likelihood of investment distorted by regulation. We can see that

for a relatively short regulation, regulatory uncertainty aggravates the distortion of investment

(i.e., ΓF < ΓU ); for a relatively long regulation, however, regulatory uncertainty mitigates the

distortion (i.e., ΓF > ΓU ). This counterintuitive result can be understood as follows. As dis-
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cussed earlier, regulation distorts investment when the demand shocks reach the investment

threshold before the regulation is lifted (i.e., TNN < TD and TNN < τD). When the duration of

regulation is short, there is little chance that the demand shocks reach the investment threshold

under regulation. In this case, uncertainty in the duration of regulation increases the likelihood

of demand shocks hitting the threshold before the regulation is lifted (i.e., ΓF < ΓU ). When

the duration of regulation is significantly long, however, it is highly probable that the demand

shocks reach the investment threshold before deregulation. In this case, uncertainty in the du-

ration of regulation rather reduces the likelihood of demand shocks hitting the threshold under

regulation (i.e., ΓF > ΓU ).

The state prices of investment in Figure 3c verify the aforementioned argument. It shows that

for relatively short regulation, uncertainty in regulation delays investment (i.e., φNF > φNU ),

but for longer regulation, it rather accelerates investment (i.e., φNF < φNU ). The flip side

of this result is described in Figure 3d. For a relatively short regulation, uncertainty in its

duration aggravates the distortion in the investment induced by regulation (i.e., φ̃NF < φ̃NU );

for longer regulation, its uncertainty mitigates the distortion (i.e., φ̃NF > φ̃NU ). Clearly, firm

value decreases as its investment decision is more likely to be distorted. Thus, uncertainty in

regulation harms firm value when the expected duration of regulation is relatively short (i.e.,

V R
NU < V R

NF ), but it rather enhances the firm value (i.e., V R
NU > V R

NF ) when the regulation is

expected to last longer, as described in Figure 3e.

Note that ΓF exceeds ΓU at TD = 2.7 (Figure 3b) but φ̃NF starts to dominate φ̃NU at

TD = 5.3 (Figure 3d); V R
NU becomes greater than V R

NF at TD = 12 (Figure 3e). This discrepancy

results from the difference in the magnitude of investment distortion between the investment

triggered by deregulation and that not triggered by deregulation. Provided that investment is

distorted, the magnitude of the distortion is greater in the latter case than in the former case.

That is, the investment in the latter case occurs later than that in the former case (Figures 2a

and 2b). Figure 3b shows that Γ̂F > Γ̂U holds for TD > 2.5 but Γ̄F > Γ̄U for TD > 2.9,

amplifying the impact of uncertainty of regulation on the investment distortion. Thus, φ̃NF

exceeds φ̃NU at TD = 5.3, long after ΓF starts to dominate ΓU . This effect is more amplified

for firm value, resulting in VNF < VNU for TD > 12.

6 With time-to-build and regulation

In this section, we assume that both time-to-build and regulation exist. That is, the technol-

ogy underlying the project requires time-to-build for development and commercialization and

conflicts with existing laws and institutions (e.g., robotaxis, drone delivery, airtaxis,19 private

19In the introduction, we noted that the technology behind robotaxis, drone delivery, and airtaxis is nearly in

place and only regulation holds back the introduction of the technology to the market. However, it took years for

the firms to develop such state-of-the-art technologies, and from the firm’s perspective, both time-to-build and

regulation existed before making the investment.
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spaceflight,20 biotechnology-related businesses21). In Section 6.1, we assume both time-to-build

and deregulation timing are known with certainty; Section 6.2 assumes both are uncertain.22

Section 6.3 compares the results of each case.

6.1 Fixed time-to-build and deregulation timing

Suppose that both the length of time-to-build and the duration of regulation are constant,

denoted by TB and TD, respectively. Unlike the case without time-to-build in Section 5, it can

be optimal for the firm to invest under regulation when the investment involves time-to-build.

Intuitively, the firm can choose to invest under regulation so that the regulation will be lifted

by the time the investment project is finished. This argument can be formalized as follows:

Lemma 2 When time-to-build and the duration of regulation are constants TB and TD,

respectively, the firm makes a decision of whether to invest immediately or not at T̄D :=

max(TD − TB, 0). That is, it can be optimal for the firm to invest under regulation.

Proof See Appendix A.12.

Note that if TD ≤ TB, the decision to make an immediate investment can only occur at the

initial timing (i.e., t = 0). In other words, the investment is always triggered by the demand

shocks reaching the optimal investment threshold (unless the initial demand shocks are suffi-

ciently high that the investment is triggered at time 0). That is, the firm makes the investment

decision as if there were no regulation. From the policy perspective, this implies that fixed-

duration regulation lasting less than the length of fixed time-to-build does not distort the firm’s

investment decision and does not harm the firm value, which will be proven and discussed in

detail in Section 6.3.

If the firm’s option to invest is not exercised at T̄D, then the firm value thereafter (i.e.,

t ≥ T̄D) can be described as follows:

V D
FF (X) = max

TFF≥0
E
[ ∫ ∞

T̂FF

e−rtXtdt− e−rTFFC
∣∣∣X0 = X

]
. (40)

where TFF := inf{t ≥ T̄D|Xt ≥ XFF } and T̂FF := TFF + TB denote the timing of investment

and that of project’s completion, respectively; XFF denotes the investment threshold with

fixed time-to-build and deregulation timing. Note that (40) is equivalent to VFN (X) in (2),

provided that the firm has not invested until T̄D, and thus, the firm value V D
FF (X) and the

20In the U.S., the Commercial Space Launch Act of 1984 was passed to facilitate the private commercialization

of space and space technology, but private spaceflight remained effectively illegal until 2004. The Commercial

Space Launch Amendments Act of 2004 provided a legal framework for commercial human spaceflight. On

September 28 2008, Falcon 1 launched by SpaceX, which was founded in 2002, became the first privately-developed

fully liquid-fueled rocket to reach orbit around the Earth.
21For instance, Neuralink, co-founded by Elon Musk in 2016, has been developing a device inserted into the

brain for the purpose of decoding brain activity and linking it to computers. In May 2023, they received approval

from the U.S. Food and Drug Administration (FDA) for their first-in-human clinical trial. Clearly, it will take a

few decades to fully develop the technology and commercialize it with the clearance of regulation.
22In the Online Appendix, we investigate the case in which time-to-build is known with certainty but regulation

is uncertain and vice versa.
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investment threshold XFF are identical to (3) and (4), respectively. Note that although we use

the superscript D in (40) for consistency, (40) can be the firm value under regulation (i.e.,

t ∈ [T̄D, TD)).

As addressed in Lemma 2, the firm decides whether to make an immediate investment at

T̄D. If the demand by that time exceeds the investment threshold (i.e., XT̄D
≥ XFF ), the

firm’s option to invest, which can be read as a European option with maturity T̄D, is exercised

immediately. Otherwise (i.e., XT̄D
< XFF ), the firm’s option is an American option that can

be exercised at any time thereafter. Thus, the firm value at the initial timing under regulation

can be described as follows:23

V R
FF (X) = E

[
e−rT̄DV D

FF (XT̄D
)
∣∣X0 = X

]
= E

[
1{XT̄D≥XFF }

e−rT̄D
(XT̄D

e−(r−µ)TB

r − µ
− C

)
+ 1{XT̄D<XFF }

e−rT̄D
(XFF e

−(r−µ)TB

r − µ
− C

)(XT̄D

XFF

)β∣∣∣X0 = X
]
. (41)

Following similar arguments to those for Proposition 5, the firm value in (41) can be evalu-

ated as follows:24

Proposition 8 (Fixed time-to-build and deregulation timing) Given demand shock X,

the firm value at the initial timing with fixed time-to-build TB and deregulation timing TD is

V R
FF (X) =

Xe−(r−µ)(T̄D+TB)

r − µ
N(d4)− e−rT̄DCN(d5)

+ e−rT̄D
(XFF e

−(r−µ)TB

r − µ
− C

)(Xe(µ+
(β−1)σ2

2
)T̄D

XFF

)β
N(d6), (42)

where

d4 :=
ln X

XFF
+ (µ+ σ2

2 )T̄D

σ
√
T̄D

, (43)

d5 := d4 − σ
√
T̄D, (44)

d6 := −d5 − βσ
√
T̄D. (45)

Proof See Appendix A.13.

The first and second rows of (42) correspond to the first and second rows of (41) (i.e., the

cases ofXT̄D
≥ XFF andXT̄D

< XFF ), respectively. Note that forX < XFF , limT̄D→0 d4 = −∞,

limT̄D→0 d5 = −∞, and limT̄D→0 d6 =∞ hold, and thus, V R
FF (X) converges to V D

FF (X), which is

identical to VFN (X) in the upper case of (3). For X ≥ XFF , limT̄D→0 d4 =∞, limT̄D→0 d5 =∞,

and limT̄D→0 d6 = −∞, which also amounts to the convergence of V R
FF (X) to V D

FF (X), which is

identical to VFN (X) in the lower case of (3). It is straightforward to see that V R
FF (X) converges

to V R
NF (X) in (17) as TB → 0.

23For t ∈ (0, T̄D), the firm value is E[e−r(T̄D−t)V DFF (XT̄D
)|Xt = X].

24For t ∈ (0, T̄D), the firm value can be evaluated as (42) through (45) with T̄D − t instead of T̄D.
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6.2 Uncertain time-to-build and deregulation timing

Suppose that both the time-to-build and timing of deregulation, denoted by τB and τD, respec-

tively, follow an exponential distribution with parameters λB and λD. As in the case with fixed

time-to-build and deregulation timing discussed in Section 6.1, it can be optimal for the firm

to invest under regulation. Unlike the case in Section 6.1, however, there are two investment

thresholds: one for the investment under deregulation and the other for that under regulation,

which we discuss in detail below.

By backward induction, suppose that the regulation has already been lifted (i.e., t ≥ τD)

and the firm has not invested under regulation. In this case, the firm value after deregulation

can be described as follows:

V D
UU (X) = max

TDUU≥0
E
[ ∫ ∞

T̂DUU

e−rtXtdt− e−rT
D
UUC

∣∣∣X0 = X
]
, (46)

where TDUU := inf{t ≥ τD|Xt ≥ XD
UU} and XD

UU denote the investment timing and investment

threshold after deregulation, respectively, while T̂DUU := TDUU + τB denotes the timing of the

project’s completion, which is uncertain, unlike T̂FF . Note that (46) is equivalent to VUN (X)

in (6). Thus, the firm value V D
UU (X) and the investment threshold XD

UU are identical to (7) and

(8), respectively.

Now, let us suppose that the regulation is still in place (i.e., t < τD). Because both time-to-

build and the timing of deregulation are uncertain, it can be optimal for the firm to invest under

regulation with the expectation that the regulation will be lifted by the time the investment

project is finished. Although the firm invests under regulation with such expectation, it is

possible that the regulation has not been lifted by the time the project is finished, obstructing

the product’s market entry. Thus, the firm value under regulation can be described as follows:25

V R
UU (X) = max

TRUU≥0
E
[
1{TRUU<τD}

{∫ ∞
T̂RUU∨τD

e−rtXtdt− e−rT
R
UUC

}
+ 1{τD≤TRUU}

e−rτDV D
UU (XτD)

∣∣∣X0 = X
]

= max
TRUU≥0

E
[
1{TRUU<τD≤T̂

R
UU}

{∫ ∞
T̂RUU

e−rtXtdt− e−rT
R
UUC

}
+ 1{T̂RUU<τD}

{∫ ∞
τD

e−rtXtdt− e−rT
R
UUC

}
+ 1{τD≤TRUU}

V D
UU (XτD)

∣∣∣X0 = X
]

(47)

where TRUU := inf{t ∈ [0, τD)|Xt ≥ XR
UU} denotes the investment timing with the investment

threshold under regulation XR
UU , while T̂RUU := TRUU + τB denotes the timing of project’s com-

pletion, which is uncertain. The first and second terms on the right-hand side of (47) represent

the case of investment under regulation; the former and the latter correspond to the cases in

which regulation is lifted before and after the project’s completion (i.e., TRUU < τD ≤ T̂RUU and

T̂RUU < τD), respectively. The last term of (47) represents the case in which the regulation is

lifted before the market demand reaches the investment threshold under regulation, such that

the firm invests after deregulation as described in (46) (i.e., τD ≤ TRUU ).

Following similar arguments as in Proposition 6, the firm value under regulation in (47) can

be evaluated as follows:

25Given demand shock X, the firm value under regulation is the same as (47) for all t ∈ [0, τD) due to

memoryless property of exponential distribution.
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Proposition 9 (Uncertain time-to-build and deregulation timing) Given demand shock

X, the firm value under regulation with uncertain time-to-build τB and deregulation timing τD

is

V R
UU (X) =



[
λBλDX

R
UU

(r+λB−µ)(r+λD−µ)(r+λB+λD−µ) −
rC

r+λD

](
X

XR
UU

)βD
+
[

λBX
D
UU

(r−µ)(r+λB−µ) − C
](

X
XD
UU

)β
−
[

λBX
D
UU

(r+λB−µ)(r+λD−µ) −
rC

r+λD

](
X

XD
UU

)βD
+ 1
βD−γD

[
(βD − β)

{
λBX

D
UU

(r−µ)(r+λB−µ) − C
}
−
{

(βD−1)λBλDX
D
UU

(r−µ)(r+λB−µ)(r+λD−µ) −
βDλDC
r+λD

}]
×
{(

X
XD
UU

)βD
−
(

X
XR
UU

)βD(XR
UU

XD
UU

)γD}
, if X < XD

UU ,

λBλDX
(r−µ)(r+λB−µ)(r+λD−µ) −

λDC
r+λD

+
[

λBλDX
R
UU

(r+λB−µ)(r+λD−µ)(r+λB+λD−µ) −
rC

r+λD

](
X

XR
UU

)βD
+ 1
βD−γD

[
(βD − β)

{
λBX

D
UU

(r−µ)(r+λB−µ) − C
}
−
{

(βD−1)λBλDX
D
UU

(r−µ)(r+λB−µ)(r+λD−µ) −
βDλDC
r+λD

}]
×
{(

X
XD
UU

)γD
−
(

X
XR
UU

)βD(XR
UU

XD
UU

)γD}
, if XD

UU ≤ X < XR
UU ,

λBλDX
(r−µ)(r+λB+λD−µ)

(
1

r+λB−µ + 1
r+λD−µ

)
− C, if X ≥ XR

UU ,

(48)

where the optimal investment thresholds under regulation, XR
UU , is implicitly derived from

(βD − 1)λBλDX
R
UU

(r + λB − µ)(r + λD − µ)(r + λB + λD − µ)
− rλBC

r + λD

= C
(βD − β
β − 1

− β(βD − 1)

(β − 1)(r + λD − µ)
+

βDλD
r + λD

)(XR
UU

XD
UU

)γD
. (49)

Proof See Appendix A.14.

The first row of the upper case in (48) corresponds to the first term in the first row of (47)

(i.e., TRUU < τD), while the sum of the second, third, and fourth rows of the upper case in (48)

corresponds to the second term in the first row of (47) (i.e., τD ≤ TRUU ). The first term of (47)

can be evaluated relatively simply because it is associated with the demand shock reaching the

threshold XR
UU for the first time before exponential time τD. The evaluation of the second term

of (47) is complex because it is associated with the demand shock hitting the threshold XD
UU

after exponential time τD. It can be the first time the demand shock hits XD
UU and happens to be

after deregulation at the same time, which corresponds the second row of (48); it can be not the

first time hitting XD
UU but after repeatedly going in and out of the region (XD

UU , X
R
UU ) without

hitting XR
UU and happens to be below XD

UU when the regulation is lifted, which corresponds to

the third and fourth rows of (48).26

As λD → ∞, βD → ∞ and γD → −∞; thus, V R
UU (X) converges to VUN (X) in (7). Mean-

while, XD
UU converges to XNU as λB → ∞. Although XR

UU is not explicitly derived, we can

conjecture from Lemma 1 that XR
UU →∞ as λB →∞. With these, it is straightforward to see

that V R
UU (X) converges to V R

NU (X) in (23) as λB →∞.

6.3 Model comparison and discussion

When both time-to-build and deregulation timing are fixed, there is a single investment thresh-

old and the earliest investment is the one triggered at T̄D; regardless of the level of demand, the

26It is natural that the firm has much more incentive to invest after deregulation than under regulation, which

can be represented as XD
UU < XR

UU .
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firm never invests before T̄D. By contrast, when both time-to-build and deregulation timing are

uncertain, there are two investment thresholds, one of which can only be derived by numerical

calculation. For this reason, we cannot compare the likelihood of investment between two cases

analytically in the fashion of Propositions 3 and 7. However, we can derive the state prices of

investment in the presence of time-to-build and regulation, following the same arguments as in

Propositions 8 and 9, and compare how uncertainty in time-to-build and regulation affects the

firm’s investment decision:

Corollary 4 (State prices of investment with time-to-build and regulation) Given

demand shock X, the state price of investment with fixed time-to-build and deregulation timing

is

φFF (X) := E
[
e−rTFF

∣∣X0 = X
]

= φ̂FF (X) + φ̄FF (X), (50)

where

φ̂FF (X) := E
[
1{XT̄D≥XFF }

e−rT̄D
∣∣X0 = X

]
= e−rT̄DN(d5), (51)

φ̄FF (X) := E
[
1{XT̄D<XFF }

e−rTFF
∣∣X0 = X

]
= e−rT̄D

(Xe(µ+
(β−1)σ2

2
)T̄D

XFF

)β
N(d6), (52)

denote the state prices of investment triggered at T̄D, which is always under regulation, and at

the first-hitting time of the investment threshold after T̄D, which can be either under regulation

or deregulation, respectively.

Similarly, the state price of investment with uncertain time-to-build and deregulation timing

is

φUU (X) := E
[
1{τD≤TDUU}

e−rT
D
UU + 1{TRUU<τD}

e−rT
R
UU

∣∣X0 = X
]

= φ̂DUU (X) + φ̄DUU (X) + φ̄RUU (X),

(53)

where

φ̂DUU (X) :=E
[
1{τD=TDUU}

e−rτD
∣∣X0 = X

]
=

λD
r + λD

[( X

XD
UU

)βD
−
( X

XR
UU

)βD
− βD
βD − γD

{( X

XD
UU

)βD
−
( X

XR
UU

)βD(XR
UU

XD
UU

)γD}]
,

(54)

φ̄DUU (X) :=E
[
1{τD<TDUU}

e−rT
D
UU

∣∣X0 = X
]

=
( X

XD
UU

)β
− β − γD
βD − γD

( X

XD
UU

)βD
− βD − β
βD − γD

( X

XR
UU

)βD(XR
UU

XD
UU

)γD
, (55)

φ̄RUU (X) :=E
[
1{TRUU<τD}

e−rT
R
UU

∣∣X0 = X
]

=
( X

XR
UU

)βD
, (56)

denote the state prices of investment triggered by deregulation, hitting the investment threshold

under deregulation, and hitting the investment threshold under regulation, respectively.

Proof See Appendix A.15.

As in Section 5.3, we can measure the distortion in investment induced by regulation with

fixed and uncertain duration as φ̃FF := φFN −φFF and φ̃UU := φUN −φUU , respectively. From

the argument in Lemma 2, we can obtain the following result:
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Proposition 10 (Harmless regulation) Regulation with fixed duration no longer than fixed

time-to-build does not induce any distortion in investment decision, nor does it harm any firm

value:

φ̃FF (X) = 0 and V R
FF (X) = V R

NF (X) if TD ≤ TB. (57)

Proof See Appendix A.16.

In the real world, strict regulation that prohibits the commercialization of products or

services based on radical technologies can be necessary to gain time for legal arrangements,

even at the cost of delaying the introduction of new technologies to the market. For instance,

robotaxis, drone delivery, and aixtaxis will cause severe social disruption unless traffic laws and

insurance systems are amended accordingly. The implantation of computers into the human

brain is ethically controversial and can cause social problems without sufficient discussion and

an appropriate legal system. Note that we have shown the existence of regulation that does not

harm social welfare, even without introducing the explicit benefits of preventing social disruption

due to the lack of relevant legislation.

Figure 4 presents the comparative statics regarding the length of time-to-build (i.e., TB =

1/λB) and the duration of regulation (i.e., TD = 1/λD) based on the parameters in Table 1 to

compare the models from Sections 6.1 and 6.2.

As noted earlier, there is a single investment threshold if both time-to-build and regulation

are known with certainty (i.e., XFF ), whereas there are two thresholds if they are uncertain (i.e.,

XD
UU and XR

UU ). Figure 4a compares XFF and XD
UU , which trigger investment after regulation

becomes irrelevant to the investment decision (i.e., t ≥ T̄D and t ≥ τD), and we can see

that XD
UU < XFF always holds. This is obvious considering the result in Proposition 3 with

XFF = XFN and XD
UU = XUN . Figure 4b compares the two investment thresholds in the

presence of uncertain time-to-build and regulation (i.e., XD
UU and XR

UU ). We can see that the

gap between them widens as expected time-to-build shortens and the expected duration of

regulation lengthens. This is a natural result considering that the investment project made

under regulation is more likely to be finished before deregulation, which is the last outcome the

firm would want.

Investment under regulation is in line with Gulen and Ion (2016). They noted that while

firms delay investments in the face of policy uncertainty, they may have no choice but to invest

eventually, either because the projects cannot be delayed indefinitely or because the cash flows

lost by the delay become too large to justify further delays. This claim is supported by their

empirical analysis; average investments decrease due to an increase of policy uncertainty, but

they eventually recover to the level of investment with below-average policy uncertainty after

seven or more quarter of high policy uncertainty.
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(a) Investment thresholds irrelevant to regulation
(b) Investment thresholds with uncertain time-to-

build and regulation

(c) Decomposition of state price of investment with

fixed time-to-build and regulation

(d) Decomposition of state price of investment with

uncertain time-to-build and regulation

(e) State prices of investment (f) Initial firm values under regulation

Figure 4: Comparative statics with respect to the size of time-to-build and the duration of

regulation

The decomposition of the state price of investment with fixed time-to-build and deregulation

timing described in Figure 4c verifies the argument in Lemma 2. For TD ≤ TB, the investment is

never triggered at T̄D (i.e., φ̂FF = 0); it is always made at the first-hitting time of the investment

threshold thereafter. For TD > TB, however, investment can be made immediately at T̄D, which
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is always under regulation (i.e., φ̂FF > 0). Note that the total likelihood of investment (i.e.,

φFF ) does not strictly decrease with the size of time-to-build when the duration of regulation is

sufficiently long. That is, it is possible that the likelihood of investment increases with the size

of investment lags. This is because when the timing of deregulation is known with certainty,

the firm can choose to invest earlier in a project that takes longer to complete, taking the lead

time into account. This argument, however, does not hold under uncertain time-to-build and

regulation.

The decomposition of the state price of investment in the presence of uncertain time-to-

build and regulation described in Figure 4d is associated with the investment thresholds in

Figure 4b. The total likelihood of investment in this case (i.e., φUU ) strictly decreases with the

size of time-to-build, regardless of the duration of regulation. It is natural that the likelihood

of investment triggered by deregulation (i.e., φ̂DUU ) is higher when regulation is expected to last

longer but expected time-to-build is relatively short. Additionally, the likelihood of investment

triggered under regulation (i.e., φ̄RUU ) is higher when both time-to-build and regulation are

expected to last longer. Note that although the gap between XD
UU and XR

UU increases with

E[τD] (Figure 4b), the state price of investment under regulation (i.e., φ̄RUU ) remains high when

both E[τB] and E[τD] are high (Figure 4d). This is because the duration of regulation is long

enough that demand shocks are likely to reach the investment threshold under regulation (i.e.,

XR
UU ) before the regulation is lifted, though the threshold increases with E[τD].

Figure 4e compares the state price of investment with fixed time-to-build and regulation to

that with uncertain time-to-build and regulation (i.e., φFF and φUU ). We can see that for TD ≤
TB, uncertainty in time-to-build and regulation accelerates investment (i.e., φUU > φFF for most

cases). This is mainly because the presence of regulation does not affect the investment decision

with fixed time-to-build and deregulation timing for TD ≤ TB (Lemma 2), and XD
UU < XFF

always holds for the investment thresholds irrelevant to the regulation (Figure 4a). In addition,

if both time-to-build and regulation are uncertain, investment can occur under regulation (i.e.,

φ̄RUU > 0 in Figure 4d).

For TD > TB, however, the opposite holds; uncertainty in time-to-build and regulation delays

investment (i.e., φUU < φFF for most cases). This is mainly because as TB decreases and TD

increases, the investment with fixed time-to-build and regulation is more likely to be triggered

at T̄D, which is the earliest investment timing (Lemma 2). Recall that XFF strictly increases

with TB (Figure 4a). When TB is insignificant and TD is substantial, however, φFF < φUU holds

again. Intuitively, this is because when time-to-build is insignificant and lengthy regulation is

certain, it is highly probable that regulation delays investment; if there is uncertainty in the

duration of regulation, then the regulation may be lifted earlier than expected and the firm

invests instantly (i.e., φ̂DUU in Figure 4d).

The same argument can explain the firm value described in Figure 4f; V R
UU > V R

FF holds for

TD ≤ TB, but V R
UU < V R

FF for most cases in TD > TB. We omit the repetitive explanation.
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(a) Comparison of state prices of investment with

fixed time-to-build and regulation

(b) Comparison of state prices of investment with

uncertain time-to-build and regulation

(c) Distortion in investment decision by the pres-

ence of regulation

(d) Initial firm values with fixed time-to-build and

regulation

(e) Initial firm values with uncertain time-to-build

and regulation

Figure 5: Comparative statics with respect to the size of time-to-build and the duration of

regulation

Figure 5 compares the models discussed in Sections 4 to 6. Figure 5a compares the state

prices of investment in the absence of uncertainty (Sections 4.1, 5.1 and 6.1). In Figures 1a

and 1b, we showed that uncertainty in time-to-build always accelerates investment in the absence
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of regulation (i.e., XUN < XFN and φUN > φFN ) but the presence of time-to-build always

delays investment, whether it is certain or not (i.e., XFN and XUN strictly increase with TB =

E[τB]). By contrast, Figure 5a clearly shows that the presence of time-to-build can accelerate

investment in the presence of regulation (i.e., φFF > φNF ). This counterintuitive result is

directly associated with Lemmas 1 and 2. Without time-to-build, the firm never invests under

regulation (Lemma 1). However, if the investment project involves fixed time-to-build and the

timing of deregulation is known with certainty, the firm can optimally choose to invest under

regulation, taking the lead time into account (Lemma 2). In this sense, time-to-build can advance

the timing of investment in the presence of regulation.

This novel result is in contrast with extant studies on the impact of time-to-build on cor-

porate investment. Majd and Pindyck (1987) assumed a maximum rate at which a firm can

invest and showed that time-to-build delays investment. Bar-Ilan and Strange (1996a,b) showed

that uncertainty in output prices or demand can accelerate investment if the project involves

time-to-build. However, they assumed that a firm can abandon an ongoing project in accordance

with demand, which truncates the downside risk of investment; it was essentially the existence

of the abandonment option that yields the positive impact of uncertainty on investment. By

contrast, this study concentrates on uncertainty in the timing of revenue generation and shows

that not only uncertainty of time-to-build but also its presence can accelerate investment, even

without assuming the firm’s option to truncate the downside risk.

Figure 5b compares the state prices of investment with uncertainty in time-to-build and

regulation (Sections 4.2, 5.2 and 6.2). It shows that when there is uncertainty in both time-

to-build and regulation, the presence of time-to-build always delays investment (i.e., φUU <

φNU ), which is in sharp contrast with the case with fixed time-to-build and regulation (i.e.,

φFF > φNF ). Figures 5a and 5b clarify that the presence of regulation does not accelerate

investment, whether it is uncertain or not (i.e., φFF < φFN and φUU < φUN ). Note that

limTB→0 φFF = φNF , limTD→0 φFF = φFN , limE[τB ]→0 φUU = φNU , and limE[τD]→0 φUU = φUN

hold.

Figures 5c and 5d verify the harmless regulation discussed in Proposition 10; when the fixed

duration of regulation is no longer than the fixed time-to-build, the regulation does not distort

the investment decision, nor does it harm firm value (i.e., φ̃FF = 0 and V R
FF = VFN for TD ≤ TB).

By contrast, Figures 5c and 5e clearly show that uncertain regulation always distorts the firm’s

investment decision, and thus, always harms the firm value (i.e., φ̃UU > 0 and V R
UU < VUN ).

Figure 5c also shows that in the presence of time-to-build, uncertainty in regulation worsens

the distortion in the investment induced by regulation in most cases (i.e., φ̃FF < φ̃UU ). When

time-to-build is insignificant and the duration of regulation is substantial, however, it is possible

that uncertainty in regulation mitigates the distortionary effect of regulation on investment (i.e.,

φ̃FF > φ̃UU ). This follows the same argument for φFF > φUU in Figure 4c, and we omit the

repetitive illustration.
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7 Conclusion

This study investigated the effects of uncertainty in the timing of revenue generation on a firm’s

investment decision. The firm’s revenue generation can be delayed by either the time-to-build

of the project or regulation. We showed that in the absence of regulation, uncertainty in time-

to-build always accelerates investment and enhances firm value because of the convexity of the

discount factor with respect to the timing of revenue generation. We also show that in the

absence of time-to-build, uncertainty in regulation can alleviate the distortion of investment

decision induced by the regulation. When the duration of regulation is substantial, it is highly

probable that the firm would have invested if it had not been for the regulation. In such cases,

uncertainty in the duration of regulation can rather reduce the probability of investment delayed

by regulation. Furthermore, we proved that in the presence of both time-to-build and regulation,

there can exist harmless regulation that does not induce distorted investment decision and does

not harm firm value. This result was derived even without introducing the benefits of regulation

of preventing social disruption. Lastly, we showed that not only uncertainty of time-to-build but

its presence can accelerate investment in the presence of regulation, even without introducing

the firm’s option to truncate the downside risk of the investment.

Many problems remain to be tackled. For instance, we simplified the modelling by assuming a

monopolistic firm, but competition in the market can change the results significantly mainly due

to preemptive incentives. A general equilibrium model could enable us to investigate the effects

of uncertainty in the timing of revenue generation on industry dynamics. We considered only the

firm’s investment timing decision to ensure tractability, but future works can also consider the

investment size decision by introducing a demand curve, which could enable an analysis of the

impacts on consumer surplus and social welfare as well. For simplicity, we considered only an

all-equity firm in this study. Incorporating debt financing can extend the analysis to the impacts

of uncertainty in the timing of revenue generation on the firm’s decisions of capital structure

and default. Lastly, we provide only a theoretical framework to investigate the problem, and

empirical analysis should be carried our in the future to test the results derived from this model,

although it might be challenging to obtain firm-level or project-level data. It is to be hoped that

this study will serve as a platform to explore these problems in the future.
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A Proofs

A.1 Proof of Proposition 1

It is straightforward that the firm’s expected profits at the investment timing for given demand

shock X are

V (X) = E
[ ∫ ∞

TB

e−rtXtdt− C
∣∣∣X0 = X

]
=
Xe−(r−µ)TB

r − µ
− C. (58)

The value of the option to invest in this project, F (X), should satisfy

rF (X) = LF (X), (59)

subject to

F (0) = 0, (60)

F (XFN ) = V (XFN ), (61)

∂F

∂X

∣∣∣
X=XFN

=
∂V

∂X

∣∣∣
X=XFN

, (62)

where the second-order partial differential operator is defined by

LF (X) := µX
∂F (X)

∂X
+

1

2
σ2X2∂

2F (X)

∂X2
. (63)

A general solution to (59) with the boundary condition (60) is

V (X) = AXβ, (64)

where β is given by (5). Substituting (58) and (64) into (61) and (62), we can obtain the results

in Proposition 1.

A.2 Proof of Proposition 2

The firm’s expected profits at the investment timing for a given demand shock X are

E
[ ∫ ∞

τB

e−rtXtdt− C
∣∣∣X0 = X

]
=

λBX

(r − µ)(r + λB − µ)
− C. (65)

Following the same arguments as in (59) through (64), we can obtain the results in Proposition 2.

A.3 Proof of Proposition 3

For TB = 1/λB, XUN ≤ XFN always holds if f ≥ g holds for λB ∈ (0,∞), where f := e(r−µ)/λB

and g := (r+λB−µ)/λB. It is straightforward to show that f/g strictly decreases with λB and

the L’Hôpital rule yields limλB→∞ f/g = 1. Thus, XUN ≤ XFN always holds. Substituting (4)

and (8) into (3) and (7), respectively, with XUN ≤ XFN ensures that VUN ≥ VFN always holds.
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A.4 Proof of Proposition 4

The proof is based on the well-known equivalence theorem from Rothschild and Stiglitz (1970).

By definition, τGB = τFB + ε where E[ε|τFB ] = 0. Suppose v(·) is a convex function. By law of

iterated expectation and Jensen’s inequality, we have∫
v(τGB )dG(τGB ) =

∫
E[v(τFB + ε|τFB )]dF (τFB ) ≥

∫
v(E[τFB + ε|τFB ])dF (τFB ) =

∫
v(τFB )dF (τFB ).

(66)

Meanwhile, the firm value at the investment timing with time-to-build τ iB for i ∈ {F,G} is

E
[ ∫ ∞

τ iB

e−rtXtdt− C
∣∣∣X0 = X

]
=
XB(τ iB)

r − µ
− C, (67)

where B(τ) = E[e−(r−µ)τ ]. By the same arguments as Propositions 1 and 2, the firm value

having an option to invest in a project with time-to-build τ iB for i ∈ {F,G} is

V i
UN (X) =

[Xi
UNB(τ iB)

r − µ
− C

]( X

Xi
UN

)β
, (68)

where the optimal investment threshold is

Xi
UN =

β(r − µ)C

(β − 1)B(τ iB)
. (69)

B(τGB ) ≥ B(τFB ) by (66), and thus, XG
UN ≤ XF

UN and V G
UN (X) ≥ V F

UN (X) always hold.

A.5 Proof of Corollary 1

The state price of investment in the absence of regulation with fixed time-to-build TB should

satisfy (59) subject to (60) and F (XFN ) = 1. Likewise, the state price of investment in the

absence of regulation with uncertain time-to-build τB should satisfy (59) subject to (60) and

F (XUN ) = 1. The value-matching conditions yield (11) and (12).

A.6 Proof of Lemma 1

Suppose that the firm invests at T (≤ TD). Though the investment costs occur at T , the firm

can raise revenue from TD, and the firm value before the investment is

max
T∈[0,TD]

E
[ ∫ ∞

TD

e−rtXtdt−e−rTC
∣∣∣X0 = X

]
= E

[ ∫ ∞
TD

e−rtXtdt|X0 = X
]
− max
T∈[0,TD]

e−rTC. (70)

It is straightforward that the last term on the right-hand side of (70) strictly decreases with T .

That is, (70) strictly increases with T (≤ TD), and thus, the firm never invests before TD. This

argument clearly also holds under a stochastic deregulation timing.
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A.7 Proof of Proposition 5

Following the derivation of the well-known Black-Scholes formula for pricing a European-style

financial option, the first term on the right-hand side of (16) can be evaluated as follows:

E
[
1{XTD≥XNF }

e−rTD
( XTD

r − µ
− C

)∣∣∣X0 = X
]

=
e−rTD

r − µ
E
[
1{XTD≥XNF }

Xe(µ−σ
2

2
)TD+σWTD

]
− e−rTDCP

(
Xe(µ−σ

2

2
)TD+σWTD ≥ XNF

)
=
Xe−(r−µ)TD

r − µ
e−

σ2TD
2 E

[
1{XTD≥XNF }

eσWTD

]
− erTDCP

(
WTD ≥

ln XNF
X − (µ− σ2

2 )TD

σ

)
=
Xe−(r−µ)TD

r − µ
e−

σ2TD
2 E

[
1{z≥−d2}e

σ
√
TDz
]
− e−rTDCP(z ≥ −d2)

=
Xe−(r−µ)TD

r − µ

∫ ∞
−d2

1√
2π
e−

(z−σ
√
TD)2

2 dz − e−rTDCN(d2)

=
Xe−(r−µ)TD

r − µ
N(d1)− e−rTDCN(d2), (71)

where d1 and d2 are given by (18) and (19), respectively, and z denotes a standard normal

random variable.

The evaluation of the second term on the right-hand side of (16) follows a similar argument:

E
[
1{XTD<XNF }

e−rTD
(XNF

r − µ
− C

)(XTD

XNF

)β∣∣∣X0 = X
]

= e−rTD
(XNF

r − µ
− C

)( 1

XNF

)β
E
[
1{XTD<XNF }

(
Xe(µ−σ

2

2
)TD+σWTD

)β]
= e−rTD

(XNF

r − µ
− C

)(Xe(µ−σ
2

2
)TD

XNF

)β
E[1{z<−d2}e

βσ
√
TDz]

= e−rTD
(XNF

r − µ
− C

)(Xe(µ−σ
2

2
)TD

XNF

)β
e
β2σ2TD

2

∫ −d2

−∞

1√
2π
e−

(z−βσ
√
TD)2

2 dz

= e−rTD
(XNF

r − µ
− C

)(Xe(µ+
(β−1)σ2

2
)TD

XNF

)β
N(d3), (72)

where d3 is given by (20), and the sum of (71) and (72) amounts to the result in Proposition 5.

A.8 Proof of Proposition 6

First, we evaluate the first term on the right-hand side of (22):

E
[
1{XτD≥XNU}e

−rτD
( XτD

r − µ
− C

)∣∣∣X0 = X
]
. (73)

This portion of the option to invest becomes worthless if the demand at the deregulation time

falls short of the investment threshold. Thus, its value for X < XNU , denoted by F (X), should

satisfy

rF (X) = LF (X) + λD{−F (X)}, (74)

subject to

F (0) = 0, (75)
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and other boundary conditions illustrated below. A general solution to (74) with the boundary

condition (75) is

F (X) = A1X
βD , (76)

where βD is given by (24).

The firm’s option to invest described in (73) is exercised immediately if the demand at

the deregulation timing exceeds the investment threshold XNU . Thus, its value for X ≥ XNU ,

denoted by F̄ (X), should satisfy

rF̄ (X) = LF̄ (X) + λD

{ X

r − µ
− C − F̄ (X)

}
, (77)

subject to

lim
X→∞

F̄ (X) =
λDX

(r − µ)(r + λD − µ)
− λDC

r + λD
, (78)

and the other boundary conditions described below. A general solution to (77) with the boundary

condition (78) is

F̄ (X) =
λDX

(r − µ)(r + λD − µ)
− λDC

r + λD
+A2X

γD , (79)

where γD is given by (25).

Meanwhile, (76) and (79) are subject to the following boundary conditions:

F (XNU ) = F̄ (XNU ), (80)

∂F

∂X

∣∣∣
X=XNU

=
∂F̄

∂X

∣∣∣
X=XNU

. (81)

Substituting (76) and (79) into (80) and (81), we can derive A1 and A2, which amounts to the

following results:

F (X) =
1

βD − γD

[ (1− γD)λDXNU

(r − µ)(r + λD − µ)
+
γDλDC

r + λD

]( X

XNU

)βD
, (82)

F̄ (X) =
λDX

(r − µ)(r + λD − µ)
− λDC

r + λD
− 1

βD − γD

[ (βD − 1)λDXNU

(r − µ)(r + λD − µ)
− βDλDC

r + λD

]( X

XNU

)γD
.

(83)

Now let us proceed with the evaluation of the second term on the right-hand side of (22):

E
[
1{XτD<XNU}e

−rτD
(XNU

r − µ
− C

)( XτD

XNU

)β∣∣∣X0 = X
]
. (84)

This portion of the option becomes an American option described in (21) if the demand at the

deregulation timing is below the investment threshold XNU ; it becomes worthless otherwise.

Thus, its value for X < XNU and X ≥ XNU , denoted by G(X) and Ḡ(X), respectively, should

satisfy

rG(X) = LG(X) + λD

{(XNU

r − µ
− C

)( X

XNU

)β
−G(X)

}
, (85)

rḠ(X) = LḠ(X) + λD{−Ḡ(X)}, (86)
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subject to

G(0) = 0, (87)

lim
X→∞

Ḡ(X) = 0, (88)

G(XNU ) = Ḡ(XNU ), (89)

∂G

∂X

∣∣∣
X=XNU

=
∂Ḡ

∂X

∣∣∣
X=XNU

. (90)

Following the same arguments from the derivation of (82) and (83), we can obtain

G(X) =
(XNU

r − µ
− C

){( X

XNU

)β
− β − γD
βD − γD

( X

XNU

)βD}
, (91)

Ḡ(X) =
βD − β
βD − γD

(XNU

r − µ
− C

)( X

XNU

)γD
. (92)

The sum of (82) and (91) and that of (83) and (92) correspond to the upper and lower cases

of (23), respectively.

A.9 Proof of Proposition 7

It is well known from the Black-Scholes formula that d2 given in (19) is directly associated with

the probability of a European call option being in-the-money at the maturity. Specifically, the

proof of Proposition 5 in Appendix A.7 shows that the probability of investment triggered at

the fixed deregulation timing is as follows:

Γ̂F = P
(
XTD ≥ XNF

∣∣X0 = X) = P(z ≥ −d2) = N(d2). (93)

Using the cumulative distribution function of the maximum process of geometric Brownian

motion (e.g., Privault (2023)), the probability of not reaching the investment threshold until

the fixed deregulation timing is

P( max
t∈[0,TD]

Xt < XNF |X0 = X)

= N
(
−

ln X
XNF

+ (µ− σ2

2 )TD

σ
√
TD

)
−
( X

XNF

)1− 2µ

σ2
N
( ln X

XNF
− (µ− σ2

2 )TD

σ
√
TD

)
= 1−N(d2)−

( X

XNF

)1− 2µ

σ2
N(d̄2), (94)

where d̄2 is given by (30). Thus, the probability of investment not triggered by deregulation yet

delayed by fixed-duration regulation is

Γ̄F = P(XTD < XNF |X0 = X)− P( max
t∈[0,TD]

Xt < XNF |X0 = X)

= 1−N(d2)−
{

1−N(d2)−
( X

XNF

)1− 2µ

σ2
N(d̄2)

}
=
( X

XNF

)1− 2µ

σ2
N(d̄2). (95)

Meanwhile, the probability density function of geometric Brownian motion stopped at ex-

ponential timing is well-known (e.g., Borodin and Salminen (2015)). Thus, the probability of
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investment triggered at uncertain deregulation timing can be evaluated as follows:

Γ̂U = P
(
XτD ≥ XNU

∣∣X0 = X
)

=

∫ ∞
XNU

−β̂Dγ̂D
z(β̂D − γ̂D)

(X
z

)β̂D
dz =

−γ̂D
β̂D − γ̂D

( X

XNU

)β̂D
, (96)

where β̂D and γ̂D are given by (31) and (32), respectively. Using the cumulative distribution

function of the maximum of geometric Bronwnian motion stopped at exponential timing (e.g.,

Borodin and Salminen (2015)), the probability of not hitting the investment threshold before

the uncertain deregulation timing is

P( max
t∈[0,τD]

Xt < XNU |X0 = X) = 1−
( X

XNU

)β̂D
. (97)

Thus, the probability of investment not triggered by deregulation yet delayed by uncertain

regulation is

Γ̄U = P(XτD < XNU |X0 = X)− P( max
t∈[0,τD]

Xt < XNU |X0 = X)

= 1 +
γ̂D

β̂D − γ̂D

( X

XNU

)β̂D
−
{

1−
( X

XNU

)β̂D}
=
(

1 +
γ̂D

β̂D − γ̂D

)( X

XNU

)β̂D
. (98)

A.10 Proof of Corollary 2

A straightforward calculation yields

∂ΓF
∂TD

=
∂N(d2)

∂d2

∂d2

∂TD
+
( X

XNF

)1− 2µ

σ2 ∂N(d̄2)

∂d̄2

∂d̄2

∂TD

=
1√
2π
e−

(d2)2

2

(
− d̄2

2TD

)
+
( X

XNF

)1− 2µ

σ2 1√
2π
e−

(d̄2)2

2

(
− d2

2TD

)
. (99)

Thus, ∂ΓF /∂TD > 0 holds if both d2 and d̄2 are negative, which is equivalent to (33).

Meanwhile, some tedious algebra yields

∂ΓU
∂λD

=
∂ΓU

∂β̂D

∂β̂D
∂λD

= ln
X

XNU

( X

XNU

)β̂D 1

σ2
√

(1
2 −

µ
σ2 )2 + 2λD

σ2

< 0. (100)

A.11 Proof of Corollary 3

Following the same arguments as in Proposition 5, we have

φ̂NF (X) = E
[
1{XTD≥XNF }

e−rTD
∣∣X0 = X

]
= e−rTDP

(
Xe(µ−σ

2

2
)TD+σWTD ≥ XNF

)
= e−rTDN(d2), (101)

and

φ̄NF (X) = E
[
1{XTD<XNF }

e−rTNF
∣∣X0 = X

]
= e−rTD

(Xe(µ−σ
2

2
)TD

XNF

)β
E
[
1{XTD<XNF }

eβσWTD

]
= e−rTD

(Xe(µ+
(β−1)σ2

2
)TD

XNF

)β
N(d3), (102)
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which proves (34) with (35) and (36).

Likewise, the derivation of (37) with (38) and (39) follows similar arguments as in Proposi-

tion 6, and let us derive (38). The state price for X < XNU , denoted by F (X), should satisfy (74)

subject to (75) and the other boundary conditions described below. Thus, its general solution

in this region is (76). The state price for X ≥ XNU , denoted by F̄ (X), should satisfy

rF̄ (X) = LF̄ (X) + λD{1− F̄ (X)}, (103)

subject to

lim
X→∞

F̄ (X) =
λD

r + λD
, (104)

and the other boundary conditions below. A general solution to (103) with the boundary con-

dition (104) is

F̄ (X) =
λD

r + λD
+A2X

γD . (105)

The value-matching and smooth-pasting conditions of F (X) and F̄ (X) at XNU yield (38).

The derivation of (39) follows similar arguments, and we omit it for brevity.

A.12 Proof of Lemma 2

Suppose that TB < TD. If the firm invests at T ∈ [0, TD − TB), the project is finished at

T + TB(< TD) but the firm cannot raise revenue until TD. Thus, by Lemma 1, the firm never

invests before TD − TB. If the firm invests at T ∈ [TD − TB,∞), by the time the project is

finished at T + TB(≥ TD), the regulation is lifted with certainty. Thus, it can be optimal for

the firm to invest after TD − TB, even if it is under regulation.

Now, suppose that TB ≥ TD. Even if the firm invests at the initial timing (i.e., t = 0), the

regulation is lifted by the time the project is finished. That is, whether to invest immediately

or not is not relevant to the timing of deregulation.

Thus, we can conclude that the firm decides whether to invest immediately or not at T̄D :=

max(TD − TB, 0).

A.13 Proof of Proposition 8

The proof of this proposition is very similar to that of Proposition 5 in Appendix A.7. The first

term on the right-hand side of (41) is

E
[
1{XT̄D≥XFF

}e
−rT̄D

(XT̄D
e−(r−µ)TB

r − µ
− C

)∣∣∣X0 = X
]

=
Xe−(r−µ)(T̄D+TB)

r − µ
e−

σ2T̄D
2 E

[
1{XT̄D≥XFF }

eσWT̄D

]
− e−rT̄DCP

(
WT̄D

≥
ln XFF

X − (µ− σ2

2 )T̄D

σ

)
=
Xe−(r−µ)(T̄D+TB)

r − µ
e−

σ2T̄D
2 E

[
1{z≥−d5}e

σ
√
T̄Dz
]
− e−rT̄DCP(z ≥ −d5)

=
Xe−(r−µ)(T̄D+TB)

r − µ
N(d4)− e−rT̄DCN(d5), (106)

where d4 and d5 are given by (43) and (44), respectively, and z denotes a standard normal

random variable.
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Similarly, the second term on the right-hand side of (41) is

E
[
1{XT̄D<XFF }

e−rT̄D
(XFF e

−(r−µ)TB

r − µ
− C

)(XT̄D

XFF

)β∣∣∣X0 = X
]

= e−rT̄D
(XFF e

−(r−µ)TB

r − µ
− C

)(Xe(µ−σ
2

2
)T̄D

XFF

)β
E[1{XT̄D<XFF }

eβσWT̄D ]

= e−rT̄D
(XFF e

−(r−µ)TB

r − µ
− C

)(Xe(µ−σ
2

2
)T̄D

XFF

)β
E[1{z<−d5}e

βσ
√
T̄Dz]

= e−rT̄D
(XFF e

−(r−µ)TB

r − µ
− C

)(Xe(µ+
(β−1)σ2

2
)T̄D

XFF

)β
N(d6), (107)

where d6 is given by (45).

The sum of (106) and (107) amounts to the result in Proposition 8.

A.14 Proof of Proposition 9

At the investment timing under regulation, the firm’s expected profits are

V (X) = E
[
1{τD≤τB}

∫ ∞
τB

e−rtXtdt+ 1{τB<τD}

∫ ∞
τD

e−rtXtdt− C
∣∣∣X0 = X

]
. (108)

The first term in (108) is∫ ∞
0

{∫ ∞
τD

(∫ ∞
τB

e−rtXtdt
)
λBe

−λBτBdτB

}
λDe

−λDτDdτD (109)

=

∫ ∞
0

{∫ ∞
τD

λBX

r − µ
e−(r+λB−µ)τBdτB

}
λDe

−λDτDdτD

=
λBλDX

(r − µ)(r + λB − µ)

∫ ∞
0

e−(r+λB+λD−µ)τDdτD

=
λBλDX

(r − µ)(r + λB − µ)(r + λB + λD − µ)
. (110)

Similarly, the second term in (108) can be calculated as

λBλDX

(r − µ)(r + λD − µ)(r + λB + λD − µ)
, (111)

and thus,

V (X) =
λBλDX

(r − µ)(r + λB + λD − µ)

( 1

r + λB − µ
+

1

r + λD − µ

)
− C. (112)

From Lemma 1, we can conjecture that XD
UU ≤ XR

UU holds regarding the two investment

thresholds. Suppose the regulation has not been lifted yet. For X < XD
UU , the firm value switches

to V D
UU (X) in (46), which is equivalent to VUN (X) in (7), as soon as the regulation is lifted.

Thus, the firm value in this region, denoted by F (X), should satisfy

rF (X) = LF (X) + λD

{[ λBX
D
UU

(r − µ)(r + λB − µ)
− C

]( X

XD
UU

)β
− F (X)

}
, (113)

subject to

F (0) = 0. (114)
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Thus, a general solution to (113) is

F (X) =
[ λBX

D
UU

(r − µ)(r + λB − µ)
− C

]( X

XD
UU

)β
+A1X

βD . (115)

For XD
UU ≤ X < XR

UU , the firm invests immediately if the regulation is lifted. Thus, the firm

value in this region, denoted by F̄ (X), should satisfy

rF̄ (X) = LF̄ (X) + λD

{ λBX

(r − µ)(r + λB − µ)
− C − F̄ (X)

}
, (116)

subject to some boundary conditions, which we describe shortly. A general solution to (116) is

F̄ (X) =
λBλDX

(r − µ)(r + λB − µ)(r + λD − µ)
− λDC

r + λD
+A2X

βD +A3X
γD . (117)

Meanwhile, (113) and (116) are subject to the following boundary conditions:

F (XD
UU ) = F̄ (XD

UU ), (118)

∂F

∂X

∣∣∣
X=XD

UU

=
∂F̄

∂X

∣∣∣
X=XD

UU

, (119)

F̄ (XR
UU ) = V (XR

UU ), (120)

∂F̄

∂X

∣∣∣
X=XR

UU

=
∂V

∂X

∣∣∣
X=XR

UU

. (121)

Substituting (112), (115), and (117) into (118) through (121), we can derive A1, A2, A3, and

XR
UU , which amounts to the results in Proposition 9.

A.15 Proof of Corollary 4

Following the same arguments as in Proposition 8, we have

φ̂FF (X) = E
[
1{XT̄D≥XFF }

e−rT̄D
∣∣X0 = X

]
= e−rT̄DP

(
Xe(µ−σ

2

2
)T̄D+σWT̄D ≥ XFF

)
= e−rT̄DN(d5), (122)

and

φ̄FF (X) = E
[
1{XT̄D<XFF }

e−rTFF
∣∣X0 = X

]
= e−rT̄D

(Xe(µ−σ
2

2
)T̄D

XFF

)β
E
[
1{XT̄D<XFF }

eβσWT̄D

]
= e−rT̄D

(Xe(µ+
(β−1)σ2

2
)T̄D

XFF

)β
N(d6), (123)

which proves (50) with (51) and (52).

Likewise, the derivation of (53) with (54) through (56) follows similar arguments as in

Proposition 9, and let us calculate (54). The state price for t < τD and X < XD
UU , denoted by

F (X), should satisfy (74) subject to (75) and the other boundary conditions described below.

A general solution to (74) with the boundary condition (75) is (76). The state price for t < τD
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and XD
UU ≤ X < XR

UU , denoted by F̄ (X), should satisfy (103) subject to boundary conditions

introduced below. Its general solution is

F̄ (X) =
λD

r + λD
+A2X

βD +A3X
γD , (124)

and F (X) and F̄ (X) are subject to value-matching and smooth-pasting conditions at XD
UU and

F̄ (XR
UU ) = 0. A straightforward calculation yields (54).

The derivation of (55) and (56) follows similar arguments, and we omit them for brevity.

A.16 Proof of Proposition 10

Suppose TD ≤ TB such that T̄D = 0. As discussed for Proposition 8, limT̄D→0 d5 = −∞ and

limT̄D→0 d6 = ∞ hold, unless the initial demand is sufficiently high such that investment is

triggered at the initial timing (i.e., X > XFF ). Thus, φ̂FF (X) = 0 and φ̄FF (X) = (X/XFF )β

hold for T̄D = 0. Note that XFF = XFN and φFN (X) = (X/XFN )β amount to φ̃FF (X) = 0,

from which VFF (X) = VFN (X) is obvious.
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